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Introduction

OLID fuel rocket motors are routinely used above the

Earth’s atmosphere for staging and orbit changes. The fuel
consumption rate of these motors can be as high as 2000 g/s,
and their exhaust plumes often contain large numbers of
micron-sized particles.” The exhaust plume particles are typi-
cally ejected at temperatures on the order of 2000 K or higher,
and have velocities on the order of 5000 ft/s. Many times it is
of interest to know how these exhaust particles cool off radia-
tively as they travel down the plume. To do this accurately, we
must account not only for the particles radiating thermal
energy to infinity but also for the interchange of radiant ther-
mal energy between the particles as they travel. Although work
has been done in this area before, it did not address the ques-
tion of when the particles’ self-interaction can be neglected and
when it cannot. ™

Analysis

Figure 1 shows the basic plume model that will be analyzed
here. The particles are identical spheres of radius R traveling at
a constant radial velocity v. They are at a great distance from
their source, so the exact mechanism used to produce them is
of no great significance. We assume that when the particles
reach r = r;, they all have the same temperature T = T,. The
particle concentration is zero for 6 >0_,, and (Y /r?) for
0 < 0,,.., Where ¥ is a constant having units of inverse length.
The equation describing a particle’s thermal energy E as a
function of time ¢ is

dE

—d_t = _Hparlicle + Hexl + leume (1)
where H,,.;q. = rate at which the particle radiates heat =
(4wR%0sT*), T = particle temperature, e = gray particle sur-
face emissivity, ¢ = Stefan-Boltzmann constant, H,,, = rate at
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which heat is absorbed from sources outside the plume, and
H jume = rate at which heat is absorbed from other particles in
the plume. We assume in Eq. (1) that H e > Hey and
Horiicte ® Hyppume, but that A, and H ... are not so small that
they can be ignored safely. The size of H.,, will be determined
by the type of external radiant heat sources existing near the
plume (for example, the rocket motor and its associated
exhaust at r <r ;).

The formula for H,,,,,,. is basically an integral over the vol-

ume of the plume for all values of r 2 r_;,, 0 < 6,y
Y emR? ,
Hyjue (1) = j d’r (ﬁ) <|TT|2> R2eaTHr");

rz Fmin» 0 = gmax (2)

where T(r’) = temperature of a particle at position r’, ¢ = gray
particle surface absorptivity and emissivity, r = position vector
of the particle absorbing radiation emitted by the rest of the
particle cloud, d3r = differential volume ( =r?sin § d6 d¢ dr)
and r’ = |r’| = length of position vector from the origin of the
spherical coordinate system defined in Fig. 1.

The particles in the plume will have a temperature that de-
pends only on position, since the rocket plume is a time-inde-
pendent system. Because the particles all travel at the same
radial velocity v, for any one particle, d¢ = dr/v.

oT
—R3pC — =—7tR3pCv—r 3)

where p = particle mass density and C = particle heat capacity
per unit mass. It is helpful to create a new temperature scale
t=T/T, and to create a new length scale s =kr, where
k = (9e6T3)/(prRC). We then combine Egs. (1-3) to get

p 4 © Omax o 4 or
T van+B | ds | do’sing’ d¢'Ls)2,
Os 3 o o |s’—s|

S min

WSmin) =1 (4)
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Fig. 1 Simplified model of the far-field particle exhaust plume.
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where H, =typical rate at which heat is absorbed by the
particle from radiating sources external to the plume,
a=H,/(12nR%aT}), B =ekR* /12, h,=H,/H, =0(1)
quantity, and sp;, = kr,;,. For the rocket motors described
earlier, we take R ~ 5 u, p ~ 2 gfem? (the density of bulk car-
bon), C ~ 5 x 10° erg/g/K (the heat capacity of carbon), ¢ ~ 1,
and 6, ~ 5 deg. Evaluating k and f, we find that k is of order
10-3cm~?, while B is of order 10~!. Since t* is O(1), the
integral term in Eq. (4)—although small—should not be ne-
glected. From now on it will be assumed that both « and f are
reasonably small parameters so that a perturbation expansion
can be used to solve for z(s).

() = 70(8) + AT 4(5) + Pr4(s)
+ higher order terms in « and § (5)
Equation (5) is substituted into Eq. (4) and O(1) terms, the

O(p) terms, and the O(x) terms are collected into three sets of
equations.

ot T .

a—s" =— 30 with To(s,i0) = 1 (6a)
F: 4
Ta_ i3, +h,  witht,(s.) =0  (6b)
os 3

a‘r 4 © max . 2 d ,
a§=—51313+‘[ ds’tg(s’)J; d9’sm0’L ls,—f—s—F

min

with T5(5min) =0 (6¢)

Note how the boundary conditions specified in Eqgs. (6) ensure
that z(s) in Eq. (5) will satisfy the boundary condition given in
Eq. (4).

Clearly, 1, in Eq. (6a) will be a function only of |s| =s, and,
in fact, we find that

1

- 7
(4 +9)s @

7o(8) =

where y =1 — 5.,

It is hard to say much about 7, in Eq. (6b) without knowing
the exact form of function 4, ; however, the formal solution can
be written as

74(5,0,0) = 73(s) f k(s 0,8)( + )} ds’ (8)
1—y

In Eq. (6c), the volume integral plays the role of 4, so, there-
fore, we have

5"

T4(s",0) = 7i(s") j ds(y + sﬁf &
1—y l—y('}’ +S’)§
Omax 2 dd
| a0 sing | 22 (9)
o b |8 —s|

In Eq. (9), it is assumed that 8,,,, < 1 so that cos(x) = 1 — x?%/2
and sin(x) ~ x for x = 6,0’. By consulting a standard hand-
book of indefinite integrals and integrating over ¢’ and 8’, the
formula for 7, can be written as a double integral over the two
dummy variables p and ¢.°

TB(S’O) =TnT 8(5)F(S,9,9max’7’) (10)
where
4
s d 3 [ 0
Rs.0.0,.) = J p(y +p) J ag 3@POOme)
1—y p 1y q(y +q)s
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G(g:9,0,01max) = n({(q —P)* + qp(0%ax — 09 + (g —p)*
+ 2gp(q —p)* (0% + 0200 + 423 (0% — 07) 2]%}/[2(4 -
(12)

Both 6 and 6,,,, must be small for Eq. (11) to hold true.
Similarly we must have y <1— 12§ so that there is only a
negligible chance of intervening plume particles blocking the
pairwise radiative interaction specified in Eq. (2). The expan-
sion of 7(s) in powers of j [see Eq. (5)] makes sense only when
B is small but non-negligible. Thus, as a general rule, y will be
nonpositive (y < 0.8, s, = 0.2).

Results

Function F has been -evaluated using standard numerical
techniques, and the results are shown in Figs. 2 and 3. Figure
2 is a graph of F vs log(s) at § = 0 for three different values of
Omax- The linear dependence of F on log(s) is so striking that it
demands an explanation. We suppose that the particles only
react strongly with their nearest neighbors, so that Eq. (11) can
be approximated as

4
3

F(s’e’gmax"y) o~ va Eip_(}’+_p)§ .J‘fp dé __.L <_1._>

1—y p o p—¢\v+p-—¢
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Fig. 3 F vs 0 at increasing distance from the rocket motor.
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The double integrals will always have £,{ < fp < p, so Eq. (13)
simplifies to

F=[tns — (n(1 — Y)IM(£,0,6,a:) (14)
where
M =4f[1 —a(fl0max)),  for 6 =0
=21 —Ln(fl0ma)),  for 0 =0,

Equation (14) justifies the linear dependence of F on log(s)
shown in Fig. 2.

Figure 3 is a graph of F against 8 for increasing values of s;
as s increases, the difference between F at 6 =0 and F at
0 = 0,,., also increases. This behavior matches our physical
intuition of what is going on inside the plume. Function Fis a
measure of the difference between a particle’s actual tempera-
ture and what its temperature would be if it had traveled the
same distance without absorbing any of its neighbors’ radia-
tion. Obviously, particles traveling down the central axis of the
plume at § =0 will absorb more radiation—and thus cool off
more slowly—than will particles traveling at the plume edge
where 6 = 0,,,,,. Thus, F will increase with s, and increase more
rapidly with s the smaller the value of 6.

Conclusion

Undoubtedly the rocket plume model presented here is in
many respects unrealistic; in real plumes the hot particles are
not all the same size and do not all travel at the same velocity,
and the particle density never drops abruptly to zero at
@ =0,_,.,, as shown in Fig. 1. Moreover, the geometric optics
approximation used in Eq. (2) is not always appropriate, espe-
cially when the particles are so cool that most of their radiative
energy occurs at wavelengths the same size as—or larger
than—the particle radius. Nevertheless, the model does reveal
two important aspects of the radiant energy exchange between
hot particles in a vacuum. First, the size of the parameter
B = ekR?P/12 indicates when the interparticle radiant energy
exchange is important and when it is not. Second, inside the
rocket plume, only neighboring particles will exchange signifi-
cant amounts of radiant energy, and this leads to a linear
dependence of 15 and F on log(s). Both the § parameter and the
nearest neighbor energy exchange will have their analogs in any
set of equations used to describe the behavior of hot particles
traveling in a vacuum. The simplified model developed above
should provide useful guidelines for the construction of those
more complex plume models required for a realistic simulation
of a solid fuel rocket.
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Multiburst Cloud Rise:
Theory and Experiment

Alan W. Zimmerman*
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Nomenclature

= cloud aspect ratio (2b/Ah)
= cloud horizontal radius

= diameter

= stabilization altitude of cloud
= cloud thickness

diffusivity

= number of bursts

= burst separation

§/Dpgg

time

nuclear weapon yield
altitude

entrainment constant
kinematic viscosity

nn
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Subscripts

ES = extended source
FB = fireball

MB = multiburst

O = initial value
PS = point source
SB = single burst

Introduction

HE dimensions and stabilization altitude of the cloud

produced by a near-surface nuclear burst are of interest to
the weapons systems designer. The gross motion of the cloud,
except at very early times, is like that of a buoyant thermal,
and solutions!~* are available for a single burst. Morton et al.!
obtained a closed-form solution for a uniformly and stably
stratified fluid. This solution was extended in Ref. 5 for the
limiting case of many bursts that are closely spaced and nearly
simultaneous. It is the purpose of this paper to compare the
predictions of this multiburst model with experimental data
and with results from hydrocode calculations.

Very limited experimental data are available for multiburst
cloud rise. A few two-dimensional hydrocode calculations are
also available where the initial source is smeared out in rings
or a sheet. These are treated here as ‘‘data.’’ The predictions
of single cloud rise by inviscid hydrocodes have been found to
agree very well with experimental data, even though the
dominant mechanism controlling cloud rise and growth is
turbulent mixing with its surroundings. A recent survey® for
the Defense Nuclear Agency of all experiments, calculations,
and multiburst models identified those experiments and
calculations utilized here for comparison with the model of
Ref. 5.
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